The use of shape as a cue for indexing into pictorial databases has been traditionally based on global invariant statistics and deformable templates, on the one hand, and local edge correlation on the other. This paper proposes an intermediate approach based on a characterization of the symmetry in edge maps. The use of symmetry matching as a joint correlation measure between pairs of edge elements further constrains the comparison of edge maps. In addition, a natural organization of groups of symmetry into a hierarchy leads to a graph-based representation of relational structure of components of shape that allows for deformations by changing attributes of this relational graph. A graduate assignment graph matching algorithm is used to match symmetry structure in images to stored prototypes or sketches. The results of matching sketches and grey-scale images against a small database consisting of a variety of sh, planes, tools, etc., are promising.
Introduction
Shape is a signi cant cue for queries into pictorial databases, yet its potential in practical systems has not been fully explored. The QBIC systems relied on invariant statistics such as shape moments, eccentricity, etc. 24]. In another approach user-drawn sketches are matched against images 11, 2], e.g., in QVE, the image edges are rst abstracted through a series of image size reduction, media ltering, coarse edge detection, and global pruning, and then matched against the sketch using a correlation-based similarity score. Gray 10] evaluated this approach and noted its sensitivity with variations of the sketch from the underlying shape and pointed to the need to include deformations in this process. Mehrotra and Grosky matched a chain code representation of edges for retrieval 23]. Del Bimbo 2, 3] in a series of papers advocated the use of deformations and elastic matching both of 1D representations and 2D templates. Lei and Cooper use 20] algebraic invariants of patches of long contours extracted from the image. Sclaro 28] uses modal matching 29] to measure distance from shape prototypes. In summary, the majority of these approaches have either relied on (i) global methods such as invariant statistics, shape measures, and deformable templates, on the one hand, or (ii) local edge similarity, on the other.
In this paper we propose that a symmetry-based representation is an intermediate representation that retains the advantages of local, edge-based correlation approaches as well as of global, deformable models, and in addition o ers two distinct bene ts. First, in the computation of a similarity score between two edge maps, the similarity of the symmetry set of edge maps o ers further discrimination by encoding relational structures of pairs of edge elements. Second, the hierarchical relations of symmetries captured in a graph structure o ers global discrimination power. The use of symmetry in indexing, however, is faced with several di cult challenges. First, the use of traditional skeletons, as loci of symmetries of a shape, requires a di cult pre-segmentation of an image into gure and ground. Recent approaches 36, 25, 39, 42] aim to recover symmetries directly from images. We use the approach of propagating edge elements to recover symmetries directly from images 38, 39, 37] . Second, the traditional view of skeletons does not lead to a natural hierarchical organization of symmetries. In contrast, shocks, or singularities arising from the dynamic evolution of shape, augment the traditional skeleton with a notion of direction, speed, order, and type, as well as a shock grammar which governs the dynamic relationship between shock types and shock groups. We utilize this structure and create an Intrinsic Shock Graph as initially proposed in 13 ]. An alternative use of symmetry of shape in graphical form is presented in 30] , but this requires a segmented shape. The third challenge is the matching of these graphs under both similarity transformations (rotation, translation, and scaling), and non-rigid deformations (bending, stretching, etc.). We adapt the \graduated assignment" technique 8] to our domain involving both discrete variables representing the relational structure and continuous variables representing arbitrary deformations as graph attributes and similarity parameters. Fourth, the matching should naturally lead to the formation of categories and prototypes. Our proposed notion of similarity naturally leads to multiple levels of structural similarity (graph structure), parametric similarity (rough description of each node and link), and metric similarity (exact distance) which in turn leads to a hierarchical categorization of 1 shape. The focus of this paper is on the matching of sketches and grey-scale images against a database of shapes including sh, planes, rabbits, tools, etc. 
Representation of Symmetry as Shocks
In this section we review an approach to symmetry based on the notion of shocks of a shape 17, 15] , and brie y describe methods for detection, classi cation, and organization of shocks according to a shock grammar 32], and for extraction from realistic grey-scale images 38, 39] . Shape can be completely described as the collection of four types of shocks that arise in the course of deformations of shape, canonically captured in the reaction-di usion space @C @t = ( 0 ? 1 ) ? ! N 14, 17, 32] . In other words, shape is evolved and its singularities are recorded. First-order shocks occur when the orientation is discontinuous, whereas in secondorder shocks there is curvature discontinuity and a change in the shape topology. Third-order shocks represent higher-order contact as entire pieces of curves collide at the same time (degenerate) and at fourth-order shocks the entire curve disappears (several papers relating to shock theory can be obtained at http://www.lems.brown.edu/vision/publications). The four types of shocks, Figure 1 , correspond to intuitive elements of shape, namely, parts, protrusions, and bends 16], Figure 2 . The set of shocks, implemented to sub-pixel accuracy 32], forms a complete description of the shape, Figure 5 . Figure 3 shows the results of a novel alternative approach 38, 39] for computing shocks that tremendously improves computation time and accuracy, and more signi cantly allows for the computation of shocks directly from images, thus avoiding the pre-segmentation step. This is accomplished by the propagation of orientation elements and a further classi cation of shocks into regular, semi-degenerate, and degenerate 38, 39], Figure 4 .
While the derived shock structure when 1 = 0 can be reduced to traditional skeletons, the shock based representations o ers distinct and signi cant advantages, primarily due to notions of shock order, velocity, shock grouping via a grammar, salience, and time-derived shock hierarchy. Speci cally, (i) certain deformation, e.g., bending, a ect selective shock groups, e.g., the third-order shock group of a rectangle; (ii) shock order generates an explicit dimension for qualitative approximation; (iii) topological and di erential properties of shocks, e.g., velocities directly re ect boundary properties; (iv) the notion of the time of formation of a shock induces a hierarchy on shocks; (v) spurious shocks can be detected via violations of a shock grammar without regularization.
The formation of shocks is not arbitrary and the sequences of shocks in the composition of a group can be concisely described via a shock grammar, SG, which was introduced in 32] and summarized in Table 2 .
Graph Representation of Shock Structure
The shock hierarchy induced by the formation of shocks in time and the shock grammar naturally leads to a graph-based representation which embeds geometrical and topological constraints. We proceed by rst describing the information content stored for each individual shock represented in the extrinsic image coordinates (Extrinsic Shock Set), thus leading to contours, leading to a fundamental instability in computing them from edge maps. Shock labels R=Regular, D=Degenerate, S=Semi-degenerate (shown in green, red, and yellow, respectively), however, allow the recovery of partial symmetries (regular shocks) as a subset of these. It is this set of regular shocks and transformations of the remaining set that we use for indexing into a database of shapes. 
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Shock Grammar V = fS 1 ; S 2 ; S 3 ; S 4 ; S I ; S T ; Eg. The symbols S 1 ; S 2 ; S 4 represent rst-, second-, and fourth-order shocks. Since third-order shocks never appear in isolation, a group of third-order shocks is itself an element of the alphabet, denoted by S 3 . S I is a start symbol, S T is a terminal symbol, and E represents the end of a growing shock sequence. = fS T g. R = fS I ! S 1 E; S I ! S 2 E; S I ! S 3 E; S I ! S 4 ; S 1 E ! S 1 S 1 E; S 1 E ! S 1 S 3 E; S 1 E ! S 4 ; S 2 E ! S 2 S 1 E; S 3 E ! S 3 S 1 E; S 3 E ! S 3 S T ; S 4 ! S 4 S T g.
The symbol E represents the end of a shock group that is being generated, and is used to enforce the requirement that shocks be added only to that end. This re ects the notion of time in the evolution of the shape, making the grammar context dependent. Figure 6 : This gure illustrates the application of some of the rules of SG 32] . Note that whereas the grammar su ces to describe the composition of a shock group, it does not re ect the geometric and topological constraints which shocks satisfy. These relations can be represented by embedding the grammar in a graph. shape is represented by a terminal node which gives birth to a single fourth order shock (seed) after some delay (t 1 ) which then grows using information in each of the three 1st-order shock group links. The quadrilateral illustrates a branch point. Note that the hierarchy is established by the ows of shocks in time. The \dumbbell" shape illustrates a 2nd order shock, where shape is decomposed into parts. The triangular shape with gaps in the boundary shows that the approach is application not only to segmentable shapes but also edge maps.
a formal de nition of a graph-based representation of shocks represented in shape-based coordinates (Intrinsic Shock Graph). It should be noted that the graph structure does not rely on a priori gure/ground segmentation.
De nition 1 The Extrinsic Shock Set is the set of individual shocks, each characterized by order 2 f1; 2; 3; 4g, label 2 fR=regular, S=semi-degenerate, D=degenerateg, location (x; y), time t, and velocity vector(s) f ? ! v i g = f( i ; v i )g. De ne a Joint (J) as a shock point which connects two distinct shock groups not in f2,4g. De ne an Initial shock (I) as the rst shock invoked by the start symbol. De ne as a boundary source the boundary point (S) or the set of boundary points (S) which form an initial shock (I), an (initial) 2nd order shock, or an initial 4th order shock. Let T denote the terminal node.
The shock grammar 32] allows us to group individual rst and third-order shocks into shock groups, naturally leading to a hierarchical structure which we use as the primary representation for a characteristic view of an object.
De nition 2 (Intrinsic Shock Graph). Let fT; 4; 2; I; J; Sg represent nodes. Let 1st order and 3rd order shock groups represent shock links between nodes f4; 2; J; Ig, Table 3 : This table summarizes the types of nodes and links of the intrinsic shock graph together with the information stored for each. Note that each node's coordinates are relative to the parent and where the root node represents global shape information, namely, location, orientation, and scale, which are subsequently inherited by children nodes and used in the match process. Observe the intrinsic representation of the graph.
path. Let the connection between node pairs f(T; 4),(T; J)g, and (I; S), be represented by time links (t). Let S nodes be connected by boundary links to represent the boundary segment between two S-nodes, each represented by a curvature function. The resulting graph is de ned as the Intrinsic Shock Graph. Figure 7 illustrates the intrinsic shock graph for a few simple shapes. Note that the graph describes the relational/structural aspect of the object as well as an intrinsic representation of metric information for each \component", via curvature and acceleration functions as attributes to the shock links, which is not shown in gure. The segregation of shape information along shock groups into \geometry" of the link represented by a curvature function and \dynamics" of the shocks traveling along the link as represented by an acceleration function is essential to properly relate a shape as a deformation of another shape: The bending of structure a ects curvature, while acceleration \fattens" or \thins" the shape, Figure 9 . Each node is also represented intrinsically with respect to parent nodes. Finally, the root node (T) contains global shape information, i.e., location (x 0 ; y 0 ), orientation ( 0 ), and scale ( ). All other nodes inherit this information from parent nodes to determine the best parameters during the match. Table 3 summarizes the information stored at each node and link. We now describe a method for matching query graphs to those stored in the database. the best inexact match between two ARG's by minimizing the overall distance between the two graphs, de ned as the incremental distance between corresponding nodes and links. Minimization of distance was converted into a shortest path problem over the directed acyclic branch-weighted lattice from the initial state to a state in the set of nal states. This is solved by dynamic programming in a time linearly proportional to the number of lattice's states, which grows very rapidly with the number of nodes.
The computational intractability of graph matching as an NP-complete problem has led to the development of several classes of algorithms. Search-Oriented methods explore the shortest path in the state space, e.g., via branch and bound methods 19]. These methods require heuristics to reduce exponential time complexity (worst case) to a low-order (2; 3) polynomial in the number of nodes(l) and links(m). Another class of algorithms is based on nonlinear optimization which does not explicitly search the state space and its computational complexity is typically linear in the number of nodes/links, e.g., relaxation labeling 12]. However, these methods only enforce one-way constraints. Eigenvalue decomposition works well when a pair of weighted graphs are nearly isomorphic, and while their combination with hill-climbing improves matching, poor local minima can often result 40]. Other types of techniques for graph matching include the use of neural networks 34], linear programming 1] and Lagrangian Relaxation 26] .
We modify the graduated assignment algorithm 8] to implement shock graph matching. Several factors motivate the use of this algorithm: First, it enforces two-way assignment via softassign 35, 18] in contrast to relaxation labeling type algorithms which enforce one-way assignment. Second, it avoids poor local minimum by the use of graduated convexity 4, 41] continuation technique. Third, this algorithm is e cient in comparison to current techniques (an order of magnitude better than relaxation labeling), partly due to an explicit encoding of sparsity. Fourth, the algorithm handles missing/extra nodes/links, which is important in matching shapes, and is superior in this regard to other existing techniques 8]. Fifth, the algorithm is stable under noisy conditions 8]. Finally, the formulation can be adapted to also take into account continuous variables representing similarity transformations and shape deformations.
We now brie y describe the graduated assignment algorithm 9]. The basic idea underlying graph matching is to associate nodes in two graphs as represented by a match matrix M (a permutation matrix if the numbers of nodes in two graphs are equal) where 1 represents association of two nodes, Figure 8 . Slack rows and columns are added to the match matrix to represent missing/extra nodes. In order to allow for di erential movement for one permutation to another, graduated non-convexity is used to turn these discrete (binary) variables into continuous ones. To avoid poor local minima, a control parameter is used to slowly move the matrix towards a (0; 1) discretization. At each stage, the best match matrix is estimated and normalized to ensure it remains the continuous analogue of a discrete assignment, a technique discovered by Sinkhorn 35] .
Formally, consider two graphs G and g. . This is, in turn, solved by softassign where an initial matrix is moved towards a solution by increasing a parameter which controls the convexity of the energy landscape. Therefore, the algorithm follows three nested iterations (i) for each and M nd Q(M) (ii) update M through softassign; (iii) the procedure is repeated until convergence and is increased; the latter is repeated until convergence, Table 4 .
Having outlined the algorithm, it remains to de ne E in a meaningful manner. Gold and Rangarajan give a generic de nition for attributed relational graphs (ARGs) as
where L aibj represents total similarity between links G ab and g ij , and N ai represents total similarity between nodes G a and g i ,
9
L aibj = 1 if links G ab and g ij both exist Null otherwise (3) N ai = 1 if nodes a and i match 0 otherwise
This leads to,
This energy function allows robust matching of two arbitrary graphs. The Intrinsic Shock Graph can be matched structurally, by simply considering whether a link exists. To motivate this approach, consider that the aim of indexing by shape is to recognize objects from characteristic views. While changes in viewing parameters have been factored out by de ning a ne (projective) invariants 22], these work well for fairly at objects viewed at a distance and do not work well in the presence of modest partial occlusion and articulation, which a ect the projected boundaries. However, what survives a rather broad range of visual transformations is the relationship among the various components of the shape. This is precisely what the above energy minimization task is achieving and we refer to it as Structural Matching.
This form of matching, however, does not take into account the various transformations a shape undergoes. While the match is e ective in pruning unlikely matches and forming categories, shapes within a category cannot be ranked by a structural match. The matching strategy must therefore take account of shape transformation. We consider two classes of shape deformations, (i) rigid transformations (translation and rotation) which together with scaling form the class of similarity transformations; (i) and non-rigid shape deformations which are intuitively described as bending, stretching, compressing, protruding, indenting, etc.
The matching process can take into account similarity transformations by explicitly incorporating it in the energy functional. However, since the structural matching described above is invariant with respect to the similarity transformations, we should rst discuss the second class of deformations. As discussed earlier, deformations of shape a ect the curvature and acceleration functions of each link. In determining an appropriate energy, the following principle is required:
Principle 1 (Similarity via Deformation): The similarity between two shapes is inversely proportional to the minimum amount of deformation required to bring one shape in register with another.
In other words, a shape can be deformed to another through sequences of (canonical) transformations, Figure 11 . The dissimilarity between two shapes is the length of the minimum length path in the space of transformations. We consider the following canonical deformations: (i) stretching or compressing where similarity is e ectively translated into length comparison between link length d L (L 1 ; L 2 ); (ii) fattening or thinning a shape, where similarity is measured by comparing acceleration functions d a (a 1 (t); a 2 (t)); (iii) bending which a ects curvature function, where similarity is measured by comparing curvature functions d ( (6) Where L aibj and N ai represent the metric similarities described above. The optimization with respect to the match M is carried out by the graduated assignment algorithm, hand in hand with optimization by gradient descent for other variables. Thus, the result of each match is an energy as well as an optimal pose and scale for the query shape. (We have built a visual debugger to examine the correspondence of each match). We refer to this process as metric matching.
Our initial implementation of eq(6) revealed that energy de ned in this way varies with the number of nodes and links in each graph, such that the similarity between pairs of shapes could not be e ectively compared. This motivates a normalization of each component of the energy functional by the maximum possible value for each case, so that 0 E 1, E(M; x 0 ; y 0 ; 0 ; 0 ) = 1 ?
M ai N ai (x 0 ; y 0 ; 0 ; 0 )
where and,
The corresponding Q can be derived as, e
; (11) Observe that the metrics de ned above for comparing length, size, etc. are scale invariant. In addition, we use a square root distance, p (L 1 ? L 2 ), for length comparison, motivated by (i) a re-interpretation of Weber's law, (ii) to maintain sensitivity to variations when two items are close, and (iii) to reduce sensitivity when two items are very distant. We have found this norm to perform better for our application than others, e.g. kL 1 ?L 2 k max(L 1 ;L 2 ) . Finally, metric similarity using a detailed comparison of curvature and acceleration functions is often not necessary to distinguish two shapes. Rather, curvature and acceleration functions can be approximated coarsely via a few parameters, leading to parametric similarity. The examples in this paper are generated by parametric matching.
Finally, robust matching must deal with \seams" in the shape space created by the discrete categorization of symmetries into types. The similarity of shapes on either side of the \boundary" of each category is not captured by the graph structure, but is implicit in metric information embedded in it. To illustrate, consider Figure 13 where a rectangle and four slight deformations of it are presented. The similarity can be realized by observing that the limit of a rst-order shock group as its velocity is increased is a third-order shock group.
Thus, velocity comparisons must give a small distance when comparing +1 to ?1. Figure 9 : This gure sketches shapes with the same graph structure (a rst order shock group terminating in a fourth order shock) generated by altering metric information only, (a) altering shock dynamics (acceleration), and (b) by altering shock geometry (curvature). Observe that (i) the relational knowledge of how various shock groups connect categorizes shapes such that all shapes above are immediately distinguishable, e.g., from rectangles (structural similarity).
(ii) This category can be further re ned by simply observing that acceleration is negative, constant, or positive, respectively, from left to right in (a), and using an approximation using a few parameters 13] leading to parametric similarity. Finally, (iii) unique instances can be identi ed by an exact speci cation of shock geometry and dynamics. Using such exact descriptions leads to metric similarity. The graduated assignment algorithm handles missing and extra nodes, such that the \bump" in Figure 14 is viewed as an extra node. However, since slight variations cause bumps such as these to appear/disappear, we may build this behavior directly into our representation by creating virtual links when warranted. The virtual link complements the existing representation such that the rectangle with a bump can easily match a perfect rectangle. A similar argument holds for creating virtual nodes.
Results and Discussion
We now report on the result of applying this approach to a database consisting of binary shapes, and match grey-scale images of isolated objects and user-drawn sketches against this database. Comparisons are made at the structural and metric levels. Structural comparisons quickly rule out a large number of shapes and parametric comparisons are then performed for the remaining. This is not merely an exercise in e ciency, but is required as the metric comparisons combine both relational and metric aspects of the deformation. Table 5 shows the parametric comparison between pairs of shapes along a continuum. Figure 15 shows the resulting correspondence between two pairs of shapes from our shape database. Figure 16 illustrates the parametric similarity scores for this database on a scale of 0-1 and the top four matches are highlighted. Observe the ordering of shapes is intuitive. i.e., the highest scores for the tools images are in the tools category. The use of categorization to organize a database of images, supported by psychophysics 27] as well as the use of hierarchical structure in image indexing 24] is well supported by our approach and is the current focus of ongoing research in our laboratory. Table 6 shows the results of indexing hand-drawn sketches and images containing isolated objects into this database. Note that some of the queries are images of isolated objects, without requiring pre-segmentation of images due to the extraction of symmetries directly from grey-scale images. In fact, this approach allows a potential top-down ow for segmentation to follow matching, e.g., triangle with gaps in Figure 4 . The results of our proposed indexing scheme, as evidenced by results in Figure 16 Table 5 : Metric comparison between pairs of shapes along a continuum. The rst row shows that as the quadrilateral moves towards a refuge, the similarity is decreased, but it then increases, because the best match requires a 180 o rotation of the shape. and Table 6 , are highly promising. We are in the process of compiling formal performance measures on a much larger database.
In a related paper, Siddiqi et. al 33] present an alternative use of shock structure for shape matching. Although this approach and ours, presented initially in 13] , are similar in the use of the notions of shocks, shock grammar, and a shock graph, they are distinct in the conversion of the shock structure to a shock graph and in the shape matching approach. First, Siddiqi et. al use only the rst and third order shock groups as nodes of the shock graph, and the links represent the time-directed relation between them. The modeling of geometrically rich shock segments (curves) by nodes (points) annihilates distinctions between endpoints, forcing an ad-hoc representation of end points of 3rd order shocks via dashed lines, and leading to instabilities with deformations. Also, modeling 2nd and 4th order shocks as 3rd order nodes ignores signi cant distinctions between these types. In contrast, we represent the isolated 2nd and 4th order shocks as nodes, and the continuous stream of rst and third order shock groups as links. Second, in the matching of nodes Siddiqi et. al use an a ne transformation that aligns one node to another and the degree of similarity is based on the cost of the transformation. Unfortunately, the transformations at distinct nodes, each consisting of rotation, translation, and scaling of nodes, are not dependent on each other and hence challenge the integrity of the shape and the match, i.e. one node may be scaled up and another may be scaled down in the same shape. Our matching algorithm explicitly de nes variables to represent these global transformations. Third, the tree matching algorithm introduced, restricts the search space by heuristic size constraints, and matches using a best-rst strategy which may not recover from an erroneous match. Finally, the lack of normalization causes the distance between two graphs to be dependent on the number of nodes, making it impossible to get an accurate absolute similarity between two shapes.
Conclusion
We have demonstrated an approach based on (i) extraction of symmetries from greyscale images, (i) organization of symmetries into a hierarchical groups, (iii) segregation of relational structures of groups of symmetry into graphs and continuous variables representing deformation and similarity deformations as attributes of graphs, (iv) matching of two intrinsic shock graph via a multistage graph matching algorithm. We have not discussed the role of salience of shape components, shock transforms to deal with spurious edge elements, gaps and occlusions 38, 39] . These will be presented in forthcoming papers. We have, however, presented an approach for the use of symmetry as a cue for indexing with very promising results. We are in the process of compiling an extensive evaluation of the match results for a much larger database. We expect that given the generic formulation of this approach which inherently includes arbitrary deformations, the performance of this approach in conjunction with a level of categorization will be excellent with enlarging the size of the pictorial database to practical numbers.
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